
Math 565: Functional Analysis
Lecture 1

Complex numbers. D := IR(i]/+ 1 ,
:
. C
.
D = Ja + 16 : a

,
GERY where is -1

,
so

(a , + i bi) (a =
+ i bz) = (a , 42 - b , 62) + i(b , m2 + a ,

62) and (a+b. ) + (an + i bu) =(a
,
+ az)+

ill .Ana uctespace isochn he he zen

on IR2
,
heave D is complete in this worm.

For dEK
,
G = a + ib

,
decode

Red : = a and Ind : = 6.
I : = a - if

,
called the conjugate of d. Note that 22 = a + 62 = 11?

syn() := 10 11 = x = d . syn() for d + 0 .

12

d = r . eliP
,
where V : = 11-0 and eliit = yald).

Fundamental Thm of Algebra . Every polynomial peD(X) has a roof in K.
u

In particular , p(x) = IT (x-di)
,
where ne dey(p) and G

, ...,
du Ed are the

i= 1

roots of p(x).

Banach spaces .

let X be a D-recher space . A seminom on X is a function 11 : 11 : X -> 10
,
a)

satisfying:
(i) 112 . x11 = 161 - 1x11 for all de

,
xEX

.

(ii) 11x + yllalx1l + Iyll for all X
, geX. (Implies: 11Ix11-1y11) : /Ix-yll. )

If a semiom alsosatisfies (iii) /Ix11 = 0 = X= 0
,
then we call it a norm.



A normed ractor space lover 1) is a pair (X
,

11 . 11) where X is a rector

space and Ill is aworm of X -

As usual
,

a merm I'll defines a metric on X by
d(x

, y) : = 1(x - y/l .
We call the topology of this metric the norm topology on

X
,

and
convergent

in this topology/metric is called convergence in norm.

If this metric is complete ,

we call (X , 111) a Banach space.

Examples.
(a) ed, Ida Banchparippedwithheporn to

a kea

lllla :=

may
Ixi

for any 1P, 3E &,
Al those norms are Lipschitz-equivalent , i. e. 5 a

,

230 wh but
c ((x1(y => (x1p = 2 . 11 x11y ·

16) For a measure space (X
,
B

, M) , let (a) : = LIX
,
B
,) denote the

quotient of the recher space of all mintegrable functions by to
equivalence relation fug (i

.

e . fig dra . e .).
We dowed last semester that Mis is a Barach

space , using the absolutely
convergent series criterion.

We will discuss (P(p) spaces , 12 pE &, later·

16 Let X be a set
.

Devote by BIX) the set of all bod -valued functions
on X .

Then BIX) is a K-rector space
under pointwise addition and scalar

multiplication .
We equip this space

with the sup norm
, namely :



11 fllsup :=SupIfl
It follow from the A-iney · for 1 . 1 on D that lllsap is indeed a norm.

Claim
. BIX) with

sup norm is a Banach space.

Proof . Let (ful = BIX) be a morm-Lanchy sequence .

Then foo each xeX,
Ifn(x)-fn()) = Ilin-fullsop ,

house the
sequence (fn)) = D is Carely , so

it converges : f(x) :
=him fulx) . Furthermore , note that

IIIfull-Ilfull ! : Ilfn-full
sup sup sup

hence the
sequence (Ilfullsuphneir : IR is also Canely ,

Mus converges
he

some 1690
,
4). But ten bo each xeX

I

If()) = ein Ifn(x)) < lin I full = c
,
so Iflsp = < here fo B(x).

n->& n->

Lastly ,
we needho show What Ilf-fullsup0 ,

i % e. 250 - NEI

such Nat VuzN
,
we have If-fullsup : 2 , equivalently,

If(x)-fulx)le 3 for all xeX
.

But for each fixed xEX
,
we have

If(x) - f(x)) = (f(x) - fu +h (x)) + ( fu+u(x) - fu(x)) = (f(x) - fu+ u(x)) + 11 fu+x - fullsp
so ENEIN such What FIN

, Ilint-fullsp < 3/2 by the norn-

Cauchyness . But also we can b large enough (depending on the spec
cific x and 3) so Kat If(x) -Futr(x)) < 3/2. Here

If(x)-fulxE9/ + 4/2 *3 too all nirN
.
The

, IIt-fullip -2 .

Observation
.

Closed subspaces of Banach spaces are Banach spaces .

This gives more examples :



(d) let X be a dopological space and demote by BC(X) the set of bounced
continuous K-valued functions on X

.
Observe that BCC) is a subspace

of the recher space B(X)
.
We show that B((X) is a Barach space by

proving :

Clim
.
BC(X) is closed in B(x).

Proof
.

Let in - f in B(x) where (ful = B((X)
· We show But feB((X)

as well. We fix XoeX andwhom that f is condicious at xo
,

i.e.

↓o any neighborhood V flxo (i
. e . fixot int()) ,"(V) is a

neighbourhood of xo . Fix <30 .

If (x0) - f(x)) = (f(x0) - fu(xd)) + If c (x0) - fu(x)) + (fn(x) - f(x))
= 21lf-full sup + /felxo) - fu(x)) .

Fix nEIN so Meat IIf-fullsup > 3/3 .

Since fo is continuous at xo
,
7

· pen UC Xo sude that Exel
,
we have Ifold-Fox)K3/3

.
Thus

,

Axel
,
we have If(o)-f(x)) < 2% + 4/2 = 2

.

When X is compact , BC(X) = ((X) Whe space of all continuous functions

on X .

(e) Again let X be a hopological , pare . Let ColX) demote the set of all

fo((X) such that #200 the set (18173) : = (xeX : 1f(x)(2-3)
is compact. Note that such ant is bounded on 3191-13 by compactness
and of course flywh is hold by d

, 10 fis bod
,
here

Co(X) = B2(X)
.

Furthermore
,
ColX) is a subspace become

(18 + g(z) = (1fk-3x3 V4191- 3/23 .

is a closed subset of a compact sett Ike at GlitgK37 is closed
baye it's the preimage under litg) of the closed set (a

,
+7) .



Clim
.

Co(X) is closed in BC(X)
,
heare a Banach space ,

Proof
.
Let feef in supnorm in BC(X) where (f) = Co(X)

.
Then VSO INA

ach that FuaN, we have Ilfh-flld. In particular, for any XeX,
If(x)) = 2 implies Ifn()13/2 ,

thus

(He3h = 31fl = 3/23
,

nene is compact being a closed subset of a compact set.

If let (x
,
B) be a measurable space . Jordan decomposition theorem says that every signed measure

on (X
,
B) uniquely decomposes into a difference of two orthogonal unsigned measures

v = V+
-U-

,
which are finite if v is

.
Call the lunsigned) measure (01 : = 0 + + 0-

the total variation Measure) of 0. It is an exercise (HW) to check that for each BEB,

10((b) = <p1Sedr) ,
where tranges over all 23-measurable real-valued functions with 141-1 . Denoting by
MirIX, B) the R-rector space of all finite signed measures on (X

, B) , the function

IlOlliv := 10)(X) = sup 1S4dvl.
19121 X

is amorm on MipIX , B) , called the total variation worm. This maken Mi(4, 1) a
wormed IR-vector space.

Claim
. Mir(X , B) is a real Banach space.

Proof
.

Uses the absolutely convergent pries criterion and the Radon-Nikodym theorem
left as a good HW exercise.

We also define the complex version : a finite complex measure on I, B) is a function

p : B + 4

which is of the form p = Pret if im ,
where Prestin are finite signed measures on

I
,
B)

.
Define the total variation (measure) off by

I

Ip((B) = (lPrel(B) + ilPim)(B)) = NIPrel(B)"+ PinkB)"



Again it's not hard to check (HW) that for each BeB
,
we have

1p/(B) = sup 1Sedpl .
Y

where a
ranges over all complex-raked 3-measurable functions with 141 : 1.

Then the total variation morm llPlliv := 1P1/X) makes Mc(X
,
B) into a wormed

K-rector space . It who follows from the real counterpart that Mc(X
,
2) is also a

Banach space,


